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Abstract. A complete set of macroscopic equations, the solution of which describes fluid and solid stresses,
displacements and temperatures, evolving from an excitation of a saturated porous medium domain in the
form of an abrupt pressure and temperature changes applied at the domain’s boundary is presented. The fluid
is a compressible Newtonian one and the solid is thermoelastic. Nonisothermal conditions prevail. The set of
equations includes mass, momentum and energy balance equations, constitutive relations and definitions. A
simple example indieates that the fluid and solid displacements are described by two coupled wave equations.

1. Introduction

Experimental studies conducted over the past two decades, e.g., Kormer et al. (1962), have
indicated that when pressure shock waves propagate through a porous medium domain, or
along the external boundary of such a domain, they are strongly attenuated. This phe-
nomenon can be used to reduce damages caused by such waves to structures.

Inertial effects appear in the basic macroscopic momentum balance equation, for a fluid
phase that occupies the entire void space. Usually, in modelling flow through porous media, it
is assumed that the inertial forces are small relative to the viscous ones, and may, therefore,
be neglected. Our objective in this paper is to construct a model describing single phase flow
in a porous medium domain, in which the inertial effects play a major role.’

Biot’s (1956) work on compressional wave propagation was probably the first one that
employed the fundamentals of porous medium mechanics. A large number of papers have
appeared in the literature following Biot’s pioneering work. A literature survey was presented
by Corapcioglu (1989).
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The complete model, presented at the macroscopic level, includes mass, momentum and
energy balance equations for the fluid and for the solid skeleton, as well as constitutive
relations that describe the behavior of the particular materials involved: a Newtonian
compressible fluid that occupies the entire void space, and a deformable, thermoelastic solid
matrix. Although the solid matrix is assumed to be deformable, its deformation, due to
movement of solid particles, is assumed to be small.

In subsequent papers, the model developed here will be applied to particular cases of
stress shock waves that travel in porous medium domains. Numerical solutions will be derived
for these cases.

2. Mass balance equations

The macroscopic mass balance equations for the fluid and for the solid phases are obtained
by averaging the corresponding microscopic equations over a representative elementary
volume (REV). At the average, macroscopic level of description, each phase and component
of a phase, and every extensive quantity of a phase or of a component, is regarded as a
continuum that fills up the entire porous medium domain.

(a) For the fluid. Neglecting the dispersive flux of the fluid’s mass, resulting from the fact
that at the microscopic level both the densities and the velocities vary within the fluid’s
occupied portion of the representative elementary volume (REV), the macroscopic mass
balance equation for the fluid, is

ddp
P V- (4piH0), (1)

where p, is the intrinsic phase average mass density of the a-phase (a=f, s), ¥, is the
intrinsic phase average mass weighted velocity of the a-phase, and ¢ is the porosity.

(b) For the solid. Neglecting the dispersive flux of the solid’s mass, the macroscopic mass
balance equation for the solid is

(1 -
LDe, atd’)ps = -V [(1-¢)p¥], 2

or, since we have assumed negligible solid deformations, implying p, = const., in the equiva-
lent form

V'VS=— 1 Ds(l_d)) =Dsesk
1-¢ D¢ D¢

: (3)

where D, /Dt=0/3t+V,+V denotes the material derivative, which expresses the rate of
change from the point of view of an observer travelling at the velocity ¥,, and €, denotes the
(macroscopic) dilatation of the solid skeleton, i.e. of the porous medium as a whole. It is the
first invariant of the skeleton’s strain tensor, €.

The skeleton’s strain can be expressed in terms of the (macroscopic, i.e., intrinsic phase
average) displacement vector, w, in the form

€qi; = 2(OW;/0x; + dw, /3x,), (4)
with the volumetric strain (= dilatation), €, expressed by

€Ex =€g;i = V" W. (5)



J. Bear et al. / Displacement waves in saturated media 157

It may be of interest to note that if we start from the microscopic equation of compatibility
for the solid phase,
€sij = %(awsi/axj + awsj/axi)’ (6)

in which €, denotes the solid’s (microscopic) strain, and w, denotes the solid’s (microscopic)
displacement, and average it, we obtain

PR 1 (awsi awsj ) 1 (awsi + awsj

1
€ij =72 z + _f (wgv; +w,v;) dS

8x;  dx; ox;,  dx; Uy s,
—S —S
c1g| 2 (7)
z ox; ax; |’

where the overbar denotes the phase average and ( ... )," denotes the intrinsic phase average
of (...),, with (...),=¢(...)." The approximation stems from the assumption

1 s 1 _s9¢
— [ woy, dS=w;— [ v, dS = —w, —.

Hence, by comparison with (4), with w = w*, we may conclude that

o 1fewg  awy,
+ Eesku

(8)

€. .. = —
2 A ox;

(c) For the porous medium as a whole. By summing (1) and (2), we obtain the mass balance
equation for the porous medium as a whole, in the form

3py,

FY =V-(pp ¥, + dpV7), %
where

pr=20p;+ (1= d)p; (10)
denotes the bulk density of the porous medium, and

Vi=Wi—V¥ (11)

denotes the velocity of the fluid relative to the solid. The use of the relative fluid velocity is of
interest, because the averaged momentum balance of the fluid is usually expressed in terms of
this velocity.

3. Momentum balance equations

Assuming that the mass and momentum dispersive fluxes are much smaller than their
advective counterparts, and that the solid—fluid interface is a material surface with respect to
the mass of both phases, the macroscopic momentum balance equations for a fluid phase, f,
and for a solid one, s, are

3(bpi¥;) L
—— = =V d(p WV —07) + bpF + — [ 6w, dS, (12)
at U “ss,
o(1—d)p, 1
A =d)ot _ ~V-(1-¢)(pW¥,—0) + (1 -¢)p,F + — [ 6,-»,dS, (13)
at Up /s,
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respectively, where &, is the stress tensor of the a-phase, at the microscopic level, o, is the
intrinsic phase average stress tensor of the a-phase, S, is the microscopic surface separating
the a-phase from all other (B-)phase(s), v, is the outward unit vector on S, F is the body
force (= —gVz), per unit mass, g is the gravity acceleration and z is the altitude.

We recall that these equations are obtained by averaging their microscopic counterparts.
We note in them that the momentum, say of the fluid, per unit volume of porous medium, is
given by ¢pV;. Also, the exchange of momentum between the two phases — a boundary
condition at the microscopic level — is a momentum sink (per unit volume of porous medium)
expressed by the surface integrals.

By summing the two equations, we eliminate the rate of exchange of momentum across the
solid—-fluid interface. We obtain the momentum balance equation for the porous medium as a
whole, in the form

0
o (8ot o) = =V [p (VW + VI + WV +pV V)] + V-0 —pog V2,
(14)
in which
o =0+ (1-¢)o; (15)

is the total (macroscopic) stress within the porous medium domain, and p F (= —p,g Vz)is
the body force, per unit volume of porous medium, due to gravity.
For a fluid phase

o;=1;—pl, (16)

where 1, and p denote the fluid’s viscous stress and the pressure, respectively, and I is the
unit tensor.

At this point we introduce Terzaghi’s (1925) concept of effective stress, or intergranular
stress, o, (e.g., Bear and Bachmat, 1990). Essentially, this concept assumes that as the solid
comprising the solid matrix (e.g., a granular material) is almost completely surrounded by an
ambient fluid, the latter’s stress, acting on the fluid—solid interface, produces a stress of equal
magnitude in the solid (say, within each individual grain), without contributing to the solid
matrix’s deformation. The latter is produced mainly by forces that (in a granular material) are
transmitted from grain to grain at contact points. Accordingly, the strain producing stress, or
the intergranular stress (effective stress) is obtained by subtracting the stress in the fluid (or
pressure, if shear stress is neglected) from the stress in the solid, with both stresses are at the
average level, and taking stress positive for tension and pressure in a fluid positive for
compression. With this definition of effective stress, we may express the total stress in the
form

o, =0/ t+oy, (17)
with the effective stress defined by

o/ =(1-¢)(o,—0;), with g;;;=0y;. (18)
Note that o, and o, are intrinsic averages. In a one-dimensional case, they may be defined as
forces per unit area of the respective phase. On the other hand, o, and ¢, should be
interpreted as per unit area of the porous medium as a whole.
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The macroscopic momentum balance equation for the fluid alone, (12), written in indicial
notation, can be developed to the form (Bear and Bachmat, 1990)

]
a_t¢Pf( Vit Vs:)

9
=—a—[¢pf(VnVU+VV + VW + ViV
X

ri’sj rjUsi si”sj

aP az azd)l/ri 3 g
B4 vl Lis +—|¢
X; ax; axj 0x; 0x; 0x;
ci)Vr 1[{dd do(V,;+V; 9 V.,
P PG i e
x; &\ ot 0x; ax, ox; ox;
C,
:“‘faide’Vrj’ (19)
f

where 7.} and a;; are tensorial coefficients that constitute macroscopic representations of the
microscopic configuration of the fluid—solid interface, S, within the REV, u; is the fluid’s
viscosity, A% + 34 is the fluid’s second viscosity, C, is the macroscopic dimensionless shape
factor, A; is the hydraulic radius of the fluid occupied void space. Both u; and A} are
intrinsic phase averages of the respective microscopic coefficients.

The coefficient T, a =f, s, a second rank symmetric tensor, may be interpreted as the
tortuosity of the a-phase within the REV. Here, it transforms the local body force into a
macroscopic one. The coefficient a,; introduces the effect of the configuration of the
solid—fluid surface in the term that transforms part of the force resisting the flow at a point to
an averaged resistance force at the fluid-solid interface.

The constitutive equation employed in deriving the averaged momentum balance equation
(19), for a compressible Newtonian fluid, will be presented at a later stage. The last term on
the rhs of (19) expresses the drag, due to momentum transfer at the fluid—solid interface, i.e.

1 C,
_ofosTUVj ds = —/.LA—%aUqU..

4. Energy balance equations

In writing the macroscopic energy balance equations for the fluid and for the solid, we
assume reversible processes, and constant specific heat at constant volume, C; for the fluid
and constant specific heat at constant strain, C, for the solid. We shall omit external energy
sources, the effect of changes in component concentrations and the energy associated with
viscous dissipation, i.e. |7:VV;| < |p IV -V, |. If necessary, these can be added at a later
stage.

Subject to certain simplifying assumptions, Bear and Bachmat (1990) present the following
macroscopic energy balance equations. For the fluid phase,

a
5 (80:CiT) = =V [ o CTi(V, + V) + 0 + "]

— L = TiBr/B, 1 o N - d(V, + V), (20)
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where J! is the conductive heat flux in the a-phase, at the macroscopic level, J*H is the
dispersive heat flux in the a-phase, qu—»p is the rate of heat transferred from the a-phase to
the B-phase, across their common interface within the REV, per unit volume of the B-phase,
the B, is the coefficient of fluid compressibility at constant temperature and the B is the
coefficient of fluid thermal (volumetric) expansion at constant pressure, with

1 3pg 1 3p;

=— ,» Br=——— 21
P Op; T; d (21)

B .
z Ps an pe

By writing the macroscopic energy balance equation in this particular form, and recalling
that ¥, + ¥, =V,, its physical interpretation is clear. The product ¢p;C;T; expresses the
internal energy per unit volume of porous medium. Thus, the lhs epresses the rate of
accumulation of internal energy per unit volume of porous medium. This accumulation is due
to (a) excess of inflow over outflow of energy per unit volume and unit time, expressed by
minus divergence of the total (macroscopic) energy flux, which, in turn, is composed of an
advective flux, a dispersive flux and a diffusive (= conductive) one, (b) an energy sink, per unit
volume of porous medium and per unit time, due to the transfer of energy from the
considered phase to all surrounding phases, across their common microscopic interfaces, and
(c) energy gain, per unit volume of porous medium and unit time, due to the fluid’s
compression.

Since we consider here the case T; # T,, we may express the rate of heat transfer, fs}i, i DY

fs]if=a*H(Ts—Tf)’ (22)

where a*! is a heat transfer coefficient.

For a thermo-elastic isotropic solid phase, the macroscopic heat balance equation is given
by

(3/3t)(1 - ¢)p,C.T,= =V (1 = ) (pCTF¥ + M) — fl. s — TAD;eq/Dt, (23)

where 7 (= (1 — ¢)%®) is a macroscopic coefficient that appears in the constitutive equation
for the solid matrix. In writing the last term on the rhs of (23), we have assumed that
V-¥, =0, or p, = const., at the microscopic level (i.e. isochoric motion).

For an isotropic thermoelastic solid

'776,‘j = - ao’sij/aT; | € =CONSt »
We note that in (20) and (23), we have
H _ H
s—of —ff -5
In order to express these balance equations in terms of average temperatures as the only
state variables, we have to introduce appropriate expressions for the macroscopic conductive
fluxes, J}' and JM, as well as for the terms that express the (average) rate of exchange of heat
between the phases. These topics are discussed below.
The macroscopic conductive heat fluxes, Ji' and J!, for the fluid and for the solid phases,
respectively, for the general case of 7;+ T,, are obtained by averaging the corresponding

microscopic flux equations, taking into account the possible exchange of energy between the
phases. Thus (Bear and Bachmat, 1990)

a
JH= —Aa—“
dx;
—a B
A oT, o7, Ag @ _
= - ~ « - AB b (:;j - _B. __ea(T‘:! - TBB) > (24)
Aoe—Ag ox; ox; 6, ox;
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where A, denotes the thermal conductivity of the a-phase, a, B =1, s, with 6, + 6, =1, and
¢T + (1 — )T, =38, We note the effect of heat transfer between the two phases,
whenever they are not at the same averaged temperature.

When these temperatures are the same, the above expression reduces to

JH= ) — =T (25)
ol otaxi a“alj axl *

We may interpret (24) as indicating that in the case of T; # T, the tortuosity of an a-phase is
not a constant, but depends on both the contrast between the thermal conductivities of the
two phases, and the difference in temperatures between them.

The fluid’s dispersive heat flux can be expressed in the form (Bear and Bachmat, 1990)

J#t = D"V (pCiTy), (26)

where Df!, a second rank symmetric tensor, denotes the fluid’s coefficient of thermal
dispersion. In most practical situations, thermal dispersion can be neglected with respect to
thermal advection.

5. Constitutive relations

These express stress—strain relations for particular (fluid and solid) materials, and diffusive
fluxes of particular extensive quantities. Obviously, we are interested here in these relations at
the macroscopic level. They can be obtained by averaging their microscopic counterparts over
an REV.

However, subject to certain simplifying assumptions, the averaged relations take on forms
that are similar to their microscopic counterparts, except that the coefficients that appear in
them have values (to be determined experimentally) that are different from the corresponding
MICroscopic ones.

Stress—strain relationship for an isotropic thermoelastic solid matrix that undergoes small
deformations. At the microscopic level, for a thermoelastic solid, this relationship, obtained
from experiments, takes the form

ow,

si

o
ox + ox — (T, — T) b (27)

" wSIa ’
o-sij_’\sa ij+/-“s
X ] i

where X and p', are the Lamé constants, and % is the coefficient of thermal stress of the
solid. For the Lamé constants, we may write

, vE , E
T Q+r)(1-20)" T 201w

where v is Poisson’s coefficient, E is the modulus of elasticity, § is Kronecker’s delta, n is a
thermal stress coefficient of the solid (= aE /(1 —2v)), a is a coefficient of linear thermal
expansion of the solid. At the macroscopic level, the constitutive relationship for a solid
matrix, has the general form

o-s;‘j = o-s’ij(e’ é’ T)

The detailed macroscopic constitutive relation for a solid matrix is obtained by averaging the
microscopic one (27). By performing this average and neglecting certain terms, primarily those
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associated with surface integrals, and assuming that the solid matrix is isotropic, we obtain a
macroscopic relationship that is similar in shape to its microscopic counterpart, (27), viz.

' _”aws,a _r(aws,. aw;

= —26.
st Sox, Y Hs ax; dx;

)—ﬁ(Ts— T8 (28)

where w and 7, are intrinsic phase averages, and A7, u’ and 7 are now constants that have to
be determined experimentally. They are usually referred to as Lamé coefficients of the solid
matrix. They are analogous to the Lamé constants that appear in the microscopic stress-strain
relation.

In view of (8), we can rewrite (28) in terms of the macroscopic strain, €, in the form

o= 2/‘_Lrs€skij + )_‘Zeskaij -(T, - Tso)aij’ (29)

sij

in which we note the effective stress on the lhs.

Stress-rate of strain relationship for a Newtonian compressible fluid. At the microscopic level,

this constitutive relationship takes the form
Wy vy Wi

= — + "5 30

Tfu /-“f( axj ax, ( )

By averaging this equation, assuming

- . 1 .
Vils,=Vils,=ViE=V7, Vi=—[V,ds,
st S
we obtain
_c[ 0V, PV, PV, D.egy;: D.egy;;
f i ] ~f rk —f s “skij ~f s -skij
o= + + A 8, +20u; ——2 + PAT ——— .
Tfu /"‘f( axj axi ) f axk ij ¢/‘l‘f D¢ ¢ f D¢ (31)
Fluid compressibility.
pi=p:(p, Tp). (32)

Table 1
Summary of balance equations and constitutive relations for saturated flow of a compressible Newtonian fluid in an
isotropic linearly thermoelastic porous medium

Equation Description Dependent variables
2 solid’s mass balance equation V.. ¢
(&) mass balance for porous medium Pt Pos Vs
(14) momentum balance for porous medium o,
19 fluid’s momentum balance p
(20) fluid’s energy balance T;
Q3 solid’s energy balance T,, €
(28) solid matrix constitutive relation al,w
@31 fluid’s constitutive relation T
(32) fluid’s equation of state
“@) skeleton’s compatibility equation
(5) volumetric strain (dilatation)
an definition of effective stress o
(10) density of porous medium
(16) fluid’s stress

total: 14 equations 14 variables
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6. Summary of equations and variables

At this stage, we have stated all the equations, balance equations, constitutive relations and
definitions, included in our model. Altogether, the state variables and the equation are listed
in table 1.

In a sequel paper, following Bear and Sorek (1990), we intend to rewrite the above model
for various sets of restricting conditions, eventually solving it for a number of cases of
practical interest. We intend to focus on the pressure, p, the displacements, w;, w, and the
temperatures, T; and T, as the major variables.

7. A simple case

To obtain some feeling for the nature of the changes in w,(x, ¢) and w/(x, t), in addition to
the assumptions underlying the above development, let us simplify the above (macroscopic)
model by assuming:

(i) isothermal conditions.

(ii) Negligible vorticity in both phases (at the macroscopic level), i.e. |V, 3V, /dx; —
W, /x| < 1@/ox V2 21

(ii) ¥, =Dw_ /Dt = dw,/ot.

(iv) The viscous drag within the fluid is much smallefr than that at the solid—fluid interface.
Mathematically, this assumption is expressed as |3¢7,; /ox;| < |Uy 1fssfr,- i dS |

Under these assumptions, the momentum balance for the fluid, when accounting for the
mass balance equation, reduces to form

3w, C,
Pf? + pvaf2/2 = —(Vp +psg VZ)Tf* —HRia—~ —(we—w). (33)
t A% 3t

For the solid phase, by subtracting this equation from that written for the momentum
balance equation written for the porous medium as a whole, taking into account the mass
balance equations, we obtain

9w

(A=d)p,——5 +(1-8)pF¥(V;2/2) =V 0, —p,g Vz+(Vp +pg Vz)T*
at

+uja— —
Hi42 o

(we—w,). (34)
We note that (33) and (34) are wave equations. They can be rewritten as nonlinear wave
equations in terms of the phase velocities. Let us demonstrate this fact in the special case of
vertical one-dimensional domain. ‘
Let us first introduce the definition of piezometric head (energy per unit weight) for a
compressible fluid

p dp
W=z [ ——, (35)
o 8ps(P)
also known as Hubbert’s potential, with
oh* 1 ap 1
—=——, Vh*=—Vp+Vz. (36)
ot 8ps ot gps

For the total stress in the porous medium, o, we have in a one-dimensional vertical domain
do,=gp, dz.
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With these definitions, we may rewrite (33) in the form

=%, (37)
in which
F, *T* maCy o,y
= |g—T*+ — (V.- .
f 4 39z Py A%( £ 2

By differentiating (37) with respect to time, and replacing in it the term oV;/d¢ from (37), we
obtain

BVe Ve Wi W LA
oz f a2 az(f faz)_ faz+f(az)+at' (38)
With

bgp; Oh* pea C

v
R TErS PR m R Ters v A O
the equation for the solid is analogous to (38), in which subscript f is replaced by subscript s.
In this way, we have demonstrated, albeit for a one-dimensional case, that (33) and (34) can
be transformed into wave equations for the phase velocities.
Obviously, a complete model will still include appropriate constitutive equations and
equations of state.

8. Conclusions

We have presented a complete set of macroscopic equations that describe fluid pressure
changes and fluid and solid temperatures and displacements, in a saturated thermoelastic
porous medium domain. The set includes mass, momentum and energy balance equations,
constitutive relations and definitions. Included in the balance equations are inertial effects, as
well as drag within the fluid and energy sources due to fluid compressibility and solid matrix
deformability.

A simple example was presented in order to show that the solid and fluid displacements
obey coupled wave equations.
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